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jugate problem is then decoupled. Note that Eqs. (5– 9) also
describe an imperfect contact problem, i.e., when two rough
solid boundaries are pressed together, only certain scattered
regions are in perfect contact, while voids exist in other
regions.3

Although direct numerical integration such as � nite differ-
ence or � nite elements can be used, the number of computa-
tions needed would be much larger than that used in the pres-
ent Note. The sharp corners and the in� nite boundary would
also be compromised.
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Introduction

T HE present study was initiated in response to the need for
high-temperature thermodynamic data for equilibrium air.

In investigating the physics of meteors entering Earth’s at-
mosphere at hypersonic velocities, the radiation heat transfer
from the hot gases behind the bow shock wave is of major
importance. To calculate the radiation intensity, the tempera-
ture behind the shock wave must be known. Enthalpy is con-
served across the shock wave and the pressure can be approx-
imated using Newtonian theory; these two properties can be
used to � x the thermodynamic state at a given position behind
the shock wave. However, thermodynamic data for such high
enthalpies and pressures (up to 2.0E8 J/kg and close to 1000
atm) are not readily available. Determining the equilibrium
composition of air at such states is not trivial, and requires
complex computations for exact theoretical values. References
1 and 2, for example, have carried out such computations and
obtained curve � ts to the computed values.

The curve � ts presented by Gupta et al.1 have an effective
limit of 30,000 K and 100 atm for temperature and pressure,
respectively. Although the � ts provided by Tannehill and
Mugge2 have a higher pressure limit of 1000 atm, the temper-
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ature limit is only 25,000 K. These � ts are also older and less
robust than those of Gupta et al.1 Although recent improve-
ments have been made to the � ts of Tannehill and Mugge2 by
Srinivasan et al.,3 the temperature limit of 25,000 K still re-
mains. In addition, both the former and latter use a Grabau-
function technique that leaves discontinuities in the curves.
These discontinuities can result in numerical convergence
problems as noted by Oberkampf et al.4 The following over-
view demonstrates a scheme used to extrapolate data for en-
thalpy as a function of temperature to a pressure of 1000 atm,
using the existing � ts of Gupta et al.1 In addition, this new
1000-atm curve is valid up to a temperature of approximately
32,600 K, some 7600 K higher than those given by Tannehill
and Mugge2 or Srinivasan et al.3

The enthalpy curves of Gupta et al.1 are presented in terms
of h (kcal/g) vs a nondimensional temperature term x de� ned
as

x = <n (T/10,000) (1)

where T is in Kelvin. The equations are of the general form

4 3 2h = exp(Ax 1 Bx 1 Cx 1 Dx 1 E ) (2)

where A, B, C, D, and E are constant coef� cients. Curves are
presented for pressures ranging from 102 4 to 102 atm, in in-
tervals of one order of magnitude (i.e., 102 3, 1022 atm, etc.).
For any one pressure, the complete curve is made up of several
pieces; each piece covers a temperature interval and has a
unique set of coef� cients. These curves have characteristic in-
� ection points where the change in slope (or d2h/dx 2) is zero.
These correspond to points where different species begin and
cease to dissociate. Any one characteristic in� ection point fol-
lows a reasonably smooth pattern in terms of h– x location
across the pressure spectrum. This pattern can be extrapolated
to a higher pressure for which there is no curve available. From
the extrapolated data, a curve consisting of equations like Eq.
(2) can easily be reconstructed.

For each of the curves presented by Gupta et al.,1 Eq. (2) is
differentiated to yield

dh 3 2 4 3= (4Ax 1 3Bx 1 2Cx 1 D)exp(Ax 1 Bx
dx

21 Cx 1 Dx 1 E ) (3)

2d h 3 2 2 2= [(4Ax 1 3Bx 1 2Cx 1 D) 1 12Ax2dx

4 3 21 6Bx 1 2C ]exp(Ax 1 Bx 1 Cx 1 Dx 1 E ) (4)

Equation (4) is used to � nd the in� ection points for the curves
by substituting the appropriate coef� cients, setting it equal to
zero, and solving for x. With x known, Eqs. (2) and (3) are
used to � nd the enthalpy h and slope dh/dx at the in� ection
points, respectively. These three equations [Eqs. (2– 4)] will
be used later for evaluation of curve-� t coef� cients in the ex-
tended pressure range.

Once the in� ection points are found, it is observed that only
three points exist for the 100-atm curve. These three and their
corresponding points on the other pressure curves are well be-
haved at the higher pressure ranges. These three point classes
(termed class 3, 4, and 5 points) are used for the extrapolation.
Lagrangian polynomials are used to � t the trend of each point
class across the pressure range. These are of the form (from
Ref. 5)

n
l (x)kf (x) = f (5)xO l (x )k kk=0
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Fig. 1 Enthalpy of equilibrium air with in� ection points for var-
ious pressures.

Fig. 2 Enthalpy of equilibrium air at 1000 atm.

where

l (x) = (x 2 x )(x 2 x ) ? ? ? (x 2 x ) (6)0 1 2 n

l (x) = (x 2 x ) ? ? ? (x 2 x )(x 2 x ) ? ? ? (x 2 x ) (7)k 0 k21 k1 1 n

l (x) = (x 2 x )(x 2 x ) ? ? ? (x 2 x ) (8)n 0 1 n21

Polynomials for the 3, 4, and 5 class in� ection points are set
up using log(P/P0) as the independent variable x (not to be
confused with x, chi). Polynomials of the order n = 2 are used
for all three classes, using data from log(P/P0) = 0, 1, and 2.
The function f (x) is used to represent x, h, and dh/dx. Once
the polynomials are set up, an internal point different from the
known points is solved for at log(P/P0) = 0.5. Then polyno-
mials of one order higher are set up to include the unknown
curve of 1000 atm. Using the derived data at log(P/P0) = 0.5,
the unknown function at 1000 atm can be calculated. This is
required because if any of the original points are used, all other
points go to zero, leaving only an equality. Extrapolated in-
� ection points for 1000 atm that fall in the temperature range
of Tannehill and Mugge’s2 � ts are compared to data from the
same 1000-atm curve. The class 3 point shows an error of
2.1%, whereas the class 4 point shows an error of less than
1%. The class 5 point is out of the temperature range of Ref.
2, and no comparison can be made. These in� ection points can
be seen in Fig. 1. The 1-, 10-, and 100-atm curves are those
of Gupta et al.1; the 1000-atm curve is that constructed by the
present method.

Once x, h, and dh/dx data are found for the class 3, 4, and
5 in� ection points at 1000 atm, they are used to reconstruct
the curves. This is done using Eqs. (2), (3), and (4) contain-
ing the coef� cients A, B, C, D, and E at each in� ection point.
Since x, h, and dh/dx are known for each in� ection point, and
d2h/dx 2 is equal to zero, there are six equations and � ve un-
knowns for each interval between two in� ection points. The
logarithmic nature of Eq. (2) allows for easy substitution into
the derivatives, such that a linear system of equations involv-
ing the coef� cients can be easily derived and solved using
matrix inversion. Using this method, three equations are used:

4 3 2<n (h u ) = Ax 1 Bx 1 Cx 1 Dx 1 E (9)x ip ip ip ipip

3 2h9 u /h u = 4Ax 1 3Bx 1 2Cx 1 D (10)x x ip ip ipip ip

2 22(h9 u /h u ) = 12Ax 1 6Bx 1 2C (11)x x ip ipip ip

In each equation, x ip denotes the location of the in� ection
point. Equations (9) and (10) are used twice, at the inital and
� nal in� ection points of the interval being solved for. Equation

(11) is used once, taken at the � nal in� ection point of the
interval. For the initial point at T = 500 K (x = 22.99573) on
the � rst interval up to the class 3 in� ection point, h and h9
data are assumed from the approximation given by Gupta et
al.1 as h (kcal/g) = 0.00024 T (K). Thus, h = 0.12 kcal/g and
h9 = 0.12 kcal/g at x = 22.99573.

The results from this method are best at the higher temper-
atures (above around 13,000 K), as there are nuances at the
lower temperatures that could not be picked up with the in-
� ection point technique. These nuances are present at the lower
pressures, but quickly die out as pressure increases. Errors in
the low-temperature region as high as 40% are present when
comparing the extrapolated data to that presented by Tannehill
and Mugge2 for 1000 atm. Another contributor to this error at
low temperatures is the use of the approximate relationship
mentioned previously for the initial point. However, once the
� rst in� ection point is reached, agreement with the data of
Tannehill and Mugge2 is remarkable, and shows an average
error of only 2.25%. The comparison may be seen in Fig. 2.
Since suf� cient curve � ts already exist for enthalpy at lower
temperatures and pressures, this method gives a good approx-
imation for high-temperature data at high pressures. To present
curve-� t coef� cients for the entire temperature range, data de-
rived from Tannehill and Mugge2 are used to generate the en-
thalpy curve from 500 to 13,050 K. These data are converted
to a curve in the form of Eq. (2) with an average absolute error
of 1.5%. The curve from 13,050 to 32,600 K is from the ex-
trapolation method. The coef� cients for the curves, in the form
of Eq. (2), are provided in Table 1.

One � aw of Lagrangian polynomials is instability between
nodes. This arose when extrapolation of a pressure not a mul-
tiple of 10 in atmospheres was attempted. The method can
theoretically be used to go to unlimited values of pressure (as
long as they are multiples of 10 in atmospheres) by repeating
the second Lagrangian polynomial procedure, but including
the most recent extrapolation point in the equations. Thus, each
new extrapolation provides another node to base further ex-
trapolations on. There will be propagation of error involved
with this method, so that validity of such a computation may
be questionable, especially since there is virtually no experi-
mental data available for comparison. The method used here
for enthalpy can easily be extended to any of the other � ve
properties presented by Gupta et al.1 Properties such as speci� c
heat Cp have characteristic peaks and valleys in the pressure
map that would facilitate much easier recognition of patterns
across the pressure spectrum. Application of this method does
require some use of common sense; visual inspection of pres-
ent data can determine whether or not a Lagrangian approxi-
mation would accurately predict unknown data. Certainly data
with wild � uctuations would not be well predicted with this
method, as it relies on smoothness of transition. There also
must be suf� cient data points on which to base the Lagrangian
� t. At the lowest resolution, two points are needed; of course,
the more points known, the better the � t.



128 J. THERMOPHYSICS, VOL. 11, NO. 1: TECHNICAL NOTES

Table 1 Curve-� t coef� cients for enthalpy of equilibrium air at 1000 atm

Coef� cients

A B C D E
Temperature

range, K x range

0.036917 0.277409 0.79532 2.171407 1.741407 500– 13,050 22.99573– 0.267452
259.90844 99.522322 262.13573 18.320807 0.3166938 13,050– 15,650 0.267452– 0.448138
0.4887346 23.011417 5.5598576 22.320909 2.7638445 15,650– 32,600 0.448138– 1.18187

References
1Gupta, R. N., Lee, K.-P., Thompson, R. A., and Yos, J. M., ‘‘Cal-

culations and Curve Fits of Thermodynamic and Transport Properties
for Equilibrium Air to 30000 K,’’ NASA RP-1260, Oct. 1991.

2Tannehill, J. C., and Mugge, P. H., ‘‘Improved Curve Fits for the
Thermodynamic Properties of Equilibrium Air Suitable for Numerical
Computation Using Time-Dependent or Shock-Capturing Methods,’’
NASA CR-2470, Oct. 1974.

3Srinivasan, S., Tannehill, J. C., and Weilmuenster, K. J., ‘‘Simpli-
� ed Curve Fits for the Thermodynamic Properties of Equilibrium
Air,’’ NASA RP-1181, Aug. 1987.

4Oberkampf, W. L., Blottner, F. G., and Aeschliman, D. P., ‘‘Meth-
odology for Computational Fluid Dynamics Code Veri� cation/Vali-
dation,’’ AIAA Paper 95-2226, June 1995.

5Kreyszig, E., Advanced Engineering Mathematics, 6th ed., Wiley,
New York, 1988, pp. 968, 969.


